EULER NUMBERS AND POLYNOMIALS OF HIGHER ORDER 



T. Kim 

Abstract. The purpose of this paper is to present a systemic study of some families 
of higher-order (/-Euler numbers and polynomials and we construct q-zeta, function of 
order r which interpolates higher-order g-Euler numbers at negative integer. 



§1. Introduction/ Preliminaries 

Let p be a fixed odd prime number. Throughout this paper Zp, Qp, C and Cp will, 
respectively, denote the ring of p-adic rational integers, the field of p-adic rational 
numbers, the complex number field and the completion of algebraic closure of Qp. 
Let Vp be the normalized exponential valuation of Cp with \p\p = p-Mp) = i (see 
[16]). When one talks of g-extension, q is variously considered as an indeterminate, 
a complex number G C or p-adic number q E Cp. If q E C, one normally assumes 
\q\ < 1. If g G Cp, one normally assumes |1 — q'|p < 1. For a fixed d G N with (p, d) = 1, 
d = 1 {mod 2) , we set 

X ^ Xd = ^mZ/dp^,X* = 1) a + dpZp, 

N 

0<a<dp 
(a,p) = l 

a + dp^Zp = {x G X\x = a (mod p^)}, 

where a G Z satisfies the condition < a < dp^ . The binomial formulae are known 
as 



{l-br = J2(^)i-^yb\ where (^^ 



n{n — 1) ■ ■ ■ (n — / -|- 1) 



and 
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Recently, many authors have studied the g-extension in the various area(see [4, 5, 
6]). In this paper, we try to consider the theory of g-integrals in the p-adic number 
field associated with Euler numbers and polynomials closely related to fermionic dis- 
tribution. We say that / is uniformly different iable function at a point a G Zp, and 
write / e UD{Zp), if the difference quotient Ff{x,y) = ^^^Iz^^^^ have a limit f'{a) 
as {x, y) (a, a). For f & U D{Zp), the fermionic p-adic g-integral on Zp is defined as 



(1) /,(/) = / f{x)dfx,{x) = hm Yl 8, 9, 16]). 
Thus, we note that 

(2) lim/,(/) = /i(/)= / f{x)d^i{x). 
For n e N, let fn{x) = f{x + n). Then we have 

n-l 
1=0 

Using formula (3), we can readily derive the Euler polynomials, E^ix), namely, 
/ e(-+^)*d/xi(2/) = ^— -e-* = ^£;,(x)-, (see [16-20]). 

In the special case x = 0, the sequence En{0) = En are called the n-th Euler numbers. 
In one of an impressive series of papers( see[l, 2, 3, 21, 23]), Barnes developed the 
so-called multiple zeta and multiple gamma functions. Barnes' multiple zeta function 
Cn{s, w\ai, ■ ■ ■ , Oat) depend on the parameters ai, • • • , ajv that will be assumed to be 
positive. It is defined by the following series: 
(4) 

oo 

Cjv(s, t(;|ai, • • • , ajv) = {w+miai + - ■ ■+mNaN)~^ ioi ^(s) > N,^{w) > 0. 

mi ,mN=0 

From (4), we can easily see that 

CM-i-i(s,i(; + aM-i-i|ai, • • • , aN+i)-CM+i{s,w\ai, • • • , qn+i) = -CM{s,w\ai, • • • , qn), 

and Co{s, w) = see [1]). Barnes showed that Cat has a meromorphic continuation 
in s (with simple poles only at s = 1,2,--- ,N and defined his multiple gamma 
function Tn{w) in terms of the s-derivative at s = 0, which may be recalled here 
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as follows: i(^ri{w\ai, • • • , a^) = dsCNis,w\ai, • • • , aiv)|s=o( see[ll]). Barnes' multiple 
Bernoulli polynomials Bn{x,r\ai, • • • , ar) are defined by 



(^) rr — m rre''* = y'5n(a^,r-|ai,--- ,ar)-r, (1^1 < max — ), (see [1, 11]). 

llj=i(e"^* - 1) nl i<t<r\ai\ 

By (4) and (5), we see that 

(-l)^m! 

Cat (-TO, 10 1 ai, ■ ■ ■ , aiv) = (]vTto)T^^"^"'^^' ' " ' ^^^^ 

where > and m is a positive integer. By using the fermionic p-adic g-integral 
on Zp, we consider the Barnes' type multiple qf-Euler polynomials and numbers in 
this paper. The main purpose of this paper is to study a systemic properties of some 
families of higher-order g-Euler polynomials and numbers. Finally, we construct g-zeta 
function of order r which interpolates higher-order g-Euler numbers and polynomials 
at negative integer. 

§2. higher-order g-Euler numbers and polynomials 

Let x,wi,W2,--- ,Wrhe complex numbers with positive real parts. In C, the Barnes 
type multiple Euler numbers and polynomials are defined by 
(6) 



— — e""^ = y] ^n\^\'^u ■ ■ ■ ^'^r)-i, for \t\ <max{- — Ai = I,-- - ,r}, 

nj=i(e"'^* + 1) ^0 n\ \wi.\ 



and En\wi, ■ ■ ■ ,Wr) = En\o\wi, ■ ■ ■ ,Wr){see [11, 12, 14]). In this section, we as- 
sume that q E Cp with |1 — g|p < 1. We first consider the g-extension of Euler 
polynomials as follows: 
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(7) J^^nA^)-- gV-+^)M/xi(2/) = 2^(-g)-e(-+-)* 



n=o -"^p m=0 qe* + l 



In the special = 0, En,q = En^q{0) are called the g-Euler numbers. By using 

multivariate p-adic invariant integral on Zp, we consider the g-Euler polynomials of 
order r e N as follows: 



Y^E^:l{x)-=[ ■■■[ e^-+-^+-+-^^Y'+-+-^dMxi)---dt,i{xr) 

n=0 -^^P -^^P 
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In the special case a; = 0, the sequence En]j[0) = En}q are refereed as the g-extension 
of the Euler numbers of order r. Let / G N with / = 1 {mod 2). Then we have 

EL%x)= [ ■■■ [ q'''+-+^^{x + Xi+---+Xrrdl^i{xi)---dl^i{Xr) 
JZp JZp 

(9) 

= 2'' J2 (-g)"''+'"+"''^(TOi + --- + TOr+a;)". 

mi,--- ,m^=0 

By (8) and (9), we obtain the following theorem. 
Theorem 1. For n e Z+, we have 



E^'l{x)^2' (-g)^^+-+'^'-(mi + --- + m^ + x)' 

mi,--- ,mr=0 

= 2- "')(-5r(".+xr. 



m=0 



Let F^''\t,x) = J2n=o E^lix)'^. Then we have 
(10) ^=°^ ™ ^ 



_ 2^ ^ ^ l-mr.g(miH hm^+a;)* 

mi,--- ,mr=0 

Let X be the Dirichlet's character with conductor / G N with / = 1 (moci 2). Then 
the generalized qf-Euler polynomials attached to % are defined by 

oo ^ oo 

(11) E = 2 E (-g)-xMe(-+-)*. 

n=0 m=0 

Thus, we have 
(12) 

= Y.x{a){-qT I {x + a + fyrqfyd^iM = rY.^{<^)^-^r^n,A^^)■ 

a=0 "^^P a=0 

In the special 0, the sequence En^^^qijS) — E^^^^q are called the n-th gen- 

eralized (/-Euler numbers attached to %. From (2) and (3), we can easily derive the 
following equation. 

n/-l 

Em,xM) - (-l)-^m,x,. = 2 E {-^r-'-'xilWl"^ 

1=0 
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Let us define higher-order generahzed qf-Euler polynomials attached to x as follows: 



(13) , ' , 

\ / n=0 

where En}x,q{x) a^re called the n-th generalized qf-Euler polynomials of order r attached 
to X- By (13), we see that 

(14) ^ 

-^n,x,g(^) 

= 2^Er^ )(-5^)"^ E (n^(«^))(-5)^^'^^"(E«^+^+™/r' 

m=0 ^ ' ai,-",ar.=0 j—1 j=l 

and 

oo oo / \ 

(15) E^n:L(^);^ = 2^ E (-?)^-^"^^- n^(^^) h^'^^^'^^"^^'^'- 

n=0 ' mi,--- ,mr=0 \i=l / 

In the special 0, the sequence ii/4,x,q(0) — ii/4,x,g '^^^ called the Ti-th gener- 

alized qf-Euler numbers of order r attached to %. 
By (14) and (15), we obtain the following theorem. 

Theorem 2. Let x be the Dirichlet's character with conductor / e N with / = 1 
{mod 2). For n e Z+, r we have 

= 2'^Er^ )(-^^r E (n^(«^))(-^)^'^^^"(E«^+^+"^/r 

m=0 ^ ^ ai,---,ar.=0 j=l j=l 



r 



mi,--- ,mr=0 \i=l 



For /i e Z and r e N, we introduce the extended higher-order qf-Euler polynomials 
as follows: 



(16) 



Ei'^g'K^)- f ■ I q^^^=^^''~'^'''{x+Xi + --- + XrTdlXi{xi)---dtli{Xr). 



From (16), we note that 
(17) 

oo 

mi,--- ,mr=0 

where C^) - HA^-^l.-jn-l+^l, j r i _ i-g" 
wnere [i)^- [i],[i_i],...[2],[i], IPli - i-q ■ 

Thus, we have 

(18) E^ng'^Hx) = 2'^ ^ ^ ~ -^"j (-g'^-^)"^(x + m)". 

m=0 ^ ^ ^ 1 



Let 



'^)(t, x)= [ ■ ■ ■ [ g^;=i('»-J>^ e(^^=i ^*+^)*d//i(a;i) • • • diii{xr) 
Jzp Jzp 



n=0 



Then we have 
(19) 



oo 



T,j=i {h-j)mj (_-\\ E j=i ruj g(a;+mi H \-mr)t _ 



= 2'' gE,"=i(/i-j)rni(_l) 
mi ,mr=0 

Therefore, we obtain the following theorem. 
Theorem 3. For h, e r e N, and x e Q"*", we have 



E^n:q^ {x) = 2^ q{h-l)m, + ...+{h-r)m^(^_-^^m, + ...+m, (jTli + ■ ■ ■ + TUr + x)"" 

mi,--- ,mr=0 

m=0 ^ ™ ^ Q 



For / e N with / = 1 (mod 2), it is easy to show that the following distribution 
relation for E'^^q^ [x) . 

Et'\^)-r E (-i)"-+-+"-g^^--^^-^>-i?n,./( " + + • • • + )■ 

ai ,ar.=0 
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Let us consider Barnes' type higher-order q-Euler polynomials. For tui, • • • , tu^ e Zp, 
we define the Barnes' type q- Euler polynomials of order r as follow: 



From (20), we can easily derive the following equation. 
(21) 

Eff^{x\w,,--- ,Wr)= I ■ j (^x,«;,+x)"g-i^i+-+^'--'^dyUi(xi)---d//i(x,). 
Thus, we have 

^nliAwu--- ,Wr) 

where / G N with / = 1 (mod 2). By (22), we see that 

oo 

(23) E^\l{x\wi, ■■■ ,Wr) = 2'- {-qr''"'^'"^'^'^'"''{x+wimi+- ■ -+^^7^^)". 

mi,--- ,mr=0 

In the special case x = 0, the sequence En}q{wi, ■ ■ ■ ,Wr) — En)j{0\wi, ■ ■ ■ ,Wr) are 
called the n-th Barnes' type g-Euler numbers of order r. 

Let F^''\t,x\wi, ■■■ ,Wr) ^ J2'^=o En,l{x\wi, ■ ■ ■ ,Wr)^. Then we have 

oo 

(24) F^''\t,x\wi,--- ,Wr) = 2'' J2 (-Q)"^i"'i+-+"-e^^+^i"*i+-+"'^)*. 

mi ,mr-=0 

Therefore we obtain the following theorem. 

Theorem 4. For wi, ■ ■ ■ , G r G and a; G Q+, we /laue 

oo 

E^^l{x\wi,--- ,Wr) = 2'' i-qr''"'+'"+'^'^'^'^{x + miWi + --- + mrWrr. 

mi,--- ,mr=0 

For wi, ■ ■ ■ ,Wr e Zp, ai, • • • , G Z, we consider another g-extension of Barnes' 
type g-Euler polynomials of order r as follows: 
(25) 
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Thus, we have 

^^^^ =[■■■[ e^^+^U^^^^^tq^U<'^^Jdiii{xi)---diii{xr). 

Jzp Jzp 

From (25) and (26), we note that 
(27) 

r 

Ei:l{x\w„- ■■,wr;a„---,ar) = 2^ J] (-l)^.-i ^^q^i=^ (x + ^ wjx^y. 

mi,--- ,mr=0 j=l 

Let F^'^\t,x\wi, ■ ■ ■ ,Wr;ai, - ■ ■ ,ar) = Yl'^=oEn,q{x\wi, ■■■ ,Wr;ai,--- ,ar)^. Then, 
we see that 

F^''\t,x\wi, - ■ ■ ,Wr;ai,--- ,ar) 



a 

(28) 



oo 



TTiiH \-mr ^aimi-\ \-armr ^{x+wimi-\ \-Wr mr)t 



2^ (_l)mi + -+m.^ 

mi ,mr.=0 

Theorem 5. For r e N, tui, • • • , tUj. e Zp, and ai, • • • , a,, e Z, w;e /ia?;e 

oo r 

Ei%x\w,,--- ,Wr;ai,---ar) = 2^ J2 (-1)^^'=^ "^^g^^=^ ™(^ + w'imi)"- 

mi,--- ,mr=0 J = l 

Let X be a Dirichlct's character with conductor / G N with / = 1 (mo(i 2). By 
using multivariate p-adic invariant integral on X, we now consider the generalized 
Barnes' type qf-Euler polynomials of order r attached to x ^ follows: 

n=0 

= / ••• / e(^+^i^i+-+"''-^'^)* frTx(^i) I g''^"'^+-+"'^"^'-rf/ii(xi)---d/ii(a;^). 

Jx Jx y^^, J 

Thus, we have 

qaif^Wlft _|_ 2 I I qO-rfQWrft -\- 1 

(29) • 



n=0 

From (29), we have 



= 2'' X! n ^^™^) (-l)"'i+-+^'^9''^^^+-+"'-"''^(x + J]w;,m,)' 

mi,---,mr.=0 y=l J j=l 

Therefore we obtain the following theorem. 
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Theorem 6. For r & N, wi, • ■ • ,Wr & Zp, and ai, • • • ,ar & 'Z, we have 

00 1 r \ r 

= 2'' n^^"^^) (~l)'"'^'''^'"'■^'''"''^"'^"''"''(^+I]^^■™i)''• 

ml,•••,mr.=0 \j=l j j=l 

By Theorem 6, we see that 
(30) °° f ^ \ 

= 2^ j ]^x(mi) j ( — 1)'"^"' VfnTf^axmx^ VarVrir ^{x-VY7j=\'uii-<nj)t ^ 

mi,--- ,mr—0 yj=l j 

§3. Higher-order qf-zeta functions in C 

In this section, we assume that e C with Igfl < 1 and the parameters ifi, • • • 
are positive. Prom (28), we can define the Barnes' type qf-Euler polynomials of order 
r in C as follows: 

2'" 

Fj^)(t, xltui, • • • , wS) = -=p^ — 7 

^ ^ ' ' ' ' ' nj=i(e"'^*r^' +1) 
00 

^^^^ _ 2^ ^ ^ ^_2)"^i"' hrrir-^wimiH |-Wrmr.g(a;+wimiH hWr-mr-)* 

mi,--- ,mr.=0 

= > ^''^(xlwi, • • • , Wr)—:, for It + Ingl < max {- — -} . 

n=0 ' 

For s,x e C with $R(a;) > 0, we can derive the following Eq.(32) from the Mellin 
transformation of Fq^\t, x\wi, • • • , Wr)- 



r 



1 

-- / t'-^F^'^\-t,x\wi,--- ,Wr)dt 
(s) Jo 



(^^2) 00 / -i\miH \-mr r,'miWi-\ hrrir-Wr 



„ (a; + Wiuii + • • • + WrmrY 

mi,--- ,mr—0 ^ • I / 



For s,a; e C with 3fJ(a;) > 0, we define Barnes' type g-zeta function of order r as 
follows: 



00 



( 1 \miH \-mr „mi'Wi-\ \-mrWr 

mi,--- ,mr.=0 ^ ' ■ / 

Note that (i[\s, x\w\^--- ,Wr) is meromorphic function in whole complex s- plane. 
By using the Mellin transformation and the Cauchy residue theorem, we obtain the 
following theorem. 
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Theorem 7. For a; e C with 'R{x) > 0, n e Z+, we have 

C,q\-n,x\wi,--- ,Wr) = E'^l{x\wi,--- ,Wr). 

Let X be a Dirichlet's character with conductor / G N with / = 1 {mod 2). 
PYom (30), we can define the generahzed Barnes' type g-Euler polynomials of order r 
attached to x in C as follows: 
(34) 

'2 Efr=o X(^i)g"^''H-l)'^e"^'^' A X . . . ^ E{;io x(&r)g"-'-(-l)'-e"'- '>-^' 

/ . \ 

_ ^ ]^x(™i) ( — 1)'"^"' l-'Tir^wimiH |-Wrm^g(a;+Ii;j'^i Wjmj)t 

mi,---,mr-=0 \j = l / 

n=0 

From (34) and Mellin transformation of Fql^{t,x\wi, ■ ■ ■ , Wr), we can easily derive 
the following equation (35) . 

r-OO 



r( 



(35) 



1 f 

^ / t'-^F^'-^i-t, x\wi, ■■■ , Wr)dt 
{s) Jo 

(n;=i X(m.)) (-l)'"- 



(x + wimi + • • • + WrrrirY 

mi,--- ,mr=0 ' • I 



For s,a; e C with 3?(a;) > 0, we also define Dirichlet's type Euler qf-Z-function of 
order r as follows: 

4''^(s,a^;xki,--- ,'»^r) 

(36) ^ (Vi =\ X{m,) \ (_l)™l+-+"^rg"^l«'l+-+^rW'r 

= 2^ y ^ ^ . 

^-^ (X + Wimi + • ■ ■ + W^TOr 

mi,-- - ,mr-=0 ^ ■ ■ / 

Note that /g'^'*(s, a;; xl^i? ' " " ■,'^r) is meromorphic function in whole complex s-plane. 
By using (34), (35), (36), and the Cauchy residue theorem, we obtain the following 
theorem. 

Theorem 8. For s e C with "^{x) > 0, n G Z+, we have 

Zj'')(-n,a;;xki,--- ,«^r) = -£^i'^i,q(a^ki, • • • ^^^r)- 

We note that Theorem 8 is r-ple Dirichlet's type g-/-series. Theorem 8 seems to be 
interesting and worthwhile for doing study in the area of multiple Z-function related 
to the number theory. 
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